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 Least squares can lead to severe over-fitting if complex

models are trained using data sets of limited size.

 A frequentist viewpoint of the model complexity issue,

known as the bias-variance trade-off.
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Model complexity: Bias-variance trade-off
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 Best unrestricted regression function

 Noise

 Bias and variance

333

Formal discussion on bias, variance, and noise
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ℎ:𝒳 → 𝒴

𝑓:𝒳 → 𝒴

𝑥 1 , 𝑦(1) , … , 𝑥 𝑁 , 𝑦(𝑁)

𝑥 1 , … , 𝑥 𝑁

[Y.S. Abou Mostafa, 2012]444

The learning diagram: deterministic target
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ℎ:𝒳 → 𝒴

𝑓:𝒳 → 𝒴

𝑥 1 , 𝑦(1) , … , 𝑥 𝑁 , 𝑦(𝑁)

𝑥 1 , … , 𝑥 𝑁

𝑓 𝒙 = ℎ(𝒙)

𝑃 𝑥, 𝑦 = 𝑃 𝑥 𝑃(𝑦|𝑥)

Target 

distributio

n

Distribution 

on features

[Y.S. Abou Mostafa, 2012]
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The learning diagram including noisy target
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 If we know the joint distribution 𝑃(𝒙, 𝑦) and no

constraints on the regression function?

 cost function: mean squared error

ℎ∗ = argmin
ℎ:ℝ𝑑→ℝ

𝔼𝒙,𝑦 𝑦 − ℎ 𝒙
2

ℎ∗ 𝒙 = 𝔼𝑦|𝒙[𝑦]

6666

Best unrestricted regression function
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𝔼𝒙,𝑦 𝑦 − ℎ 𝒙
2
=ඵ 𝑦 − ℎ 𝒙

2
𝑝 𝒙, 𝑦 𝑑𝒙𝑑𝑦

7777

Best unrestricted regression function: Proof
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𝔼𝒙,𝑦 𝑦 − ℎ 𝒙
2
=ඵ 𝑦 − ℎ 𝒙

2
𝑝 𝒙, 𝑦 𝑑𝒙𝑑𝑦

 For each 𝒙, separately minimize loss since ℎ(𝒙) can be chosen

independently for each different 𝒙:

𝛿𝔼𝒙,𝑦 𝑦 − ℎ 𝒙
2

𝛿ℎ(𝒙)
= −න2 𝑦 − ℎ 𝒙 𝑝 𝒙, 𝑦 𝑑𝑦 = 0

8888

Best unrestricted regression function: Proof
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𝔼𝒙,𝑦 𝑦 − ℎ 𝒙
2
=ඵ 𝑦 − ℎ 𝒙

2
𝑝 𝒙, 𝑦 𝑑𝒙𝑑𝑦

 For each 𝒙, separately minimize loss since ℎ(𝒙) can be chosen

independently for each different 𝒙:

𝛿𝔼𝒙,𝑦 𝑦 − ℎ 𝒙
2

𝛿ℎ(𝒙)
= −න2 𝑦 − ℎ 𝒙 𝑝 𝒙, 𝑦 𝑑𝑦 = 0

⇒ ℎ 𝒙 =
𝑦𝑝׬ 𝒙, 𝑦 𝑑𝑦

𝑝׬ 𝒙, 𝑦 𝑑𝑦
=
𝑦𝑝׬ 𝒙, 𝑦 𝑑𝑦

𝑝 𝒙
= න𝑦𝑝 𝑦|𝒙 𝑑𝑦 = 𝔼𝑦|𝒙 𝑦

9999

Best unrestricted regression function: Proof
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𝔼𝒙,𝑦 𝑦 − ℎ 𝒙
2
=ඵ 𝑦 − ℎ 𝒙

2
𝑝 𝒙, 𝑦 𝑑𝒙𝑑𝑦

 For each 𝒙, separately minimize loss since ℎ(𝒙) can be chosen

independently for each different 𝒙:

𝛿𝔼𝒙,𝑦 𝑦 − ℎ 𝒙
2

𝛿ℎ(𝒙)
= −න2 𝑦 − ℎ 𝒙 𝑝 𝒙, 𝑦 𝑑𝑦 = 0

⇒ ℎ 𝒙 =
𝑦𝑝׬ 𝒙, 𝑦 𝑑𝑦

𝑝׬ 𝒙, 𝑦 𝑑𝑦
=
𝑦𝑝׬ 𝒙, 𝑦 𝑑𝑦

𝑝 𝒙
= න𝑦𝑝 𝑦|𝒙 𝑑𝑦 = 𝔼𝑦|𝒙 𝑦

⟹ ℎ∗ 𝒙 = 𝔼𝑦|𝒙[𝑦]

10101010

Best unrestricted regression function: Proof
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𝐸𝑡𝑟𝑢𝑒 𝑓𝒟 𝒙 = 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − 𝑦 2

ℎ 𝒙 : minimizes the expected loss

𝒙, 𝑦 ~𝑃

Expected loss

1111

Sharif University

of TechnologyRegression generalization: Bias-Variance Trade-off1

1
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Error decomposition
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𝐸𝑡𝑟𝑢𝑒 𝑓𝒟 𝒙 = 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − 𝑦 2

= 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − ℎ 𝒙 + ℎ 𝒙 − 𝑦 2

ℎ 𝒙 : minimizes the expected loss

𝒙, 𝑦 ~𝑃

Expected loss

1212

Sharif University

of TechnologyRegression generalization: Bias-Variance Trade-off1

2
12121212

Error decomposition
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𝐸𝑡𝑟𝑢𝑒 𝑓𝒟 𝒙 = 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − 𝑦 2

= 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − ℎ 𝒙 + ℎ 𝒙 − 𝑦 2

= 𝔼𝒙 𝑓𝒟 𝒙 − ℎ 𝒙
2
+ 𝔼𝒙,𝑦 ℎ 𝒙 − 𝒚 2

+2𝔼𝒙,𝑦 𝑓𝒟 𝒙 − ℎ 𝒙 ℎ 𝒙 − 𝑦

ℎ 𝒙 : minimizes the expected loss

𝒙, 𝑦 ~𝑃

Expected loss

13131313

Error decomposition
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𝐸𝑡𝑟𝑢𝑒 𝑓𝒟 𝒙 = 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − 𝑦 2

= 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − ℎ 𝒙 + ℎ 𝒙 − 𝑦 2

= 𝔼𝒙 𝑓𝒟 𝒙 − ℎ 𝒙
2
+ 𝔼𝒙,𝑦 ℎ 𝒙 − 𝒚 2

+2𝔼𝒙,𝑦 𝑓𝒟 𝒙 − ℎ 𝒙 ℎ 𝒙 − 𝑦

𝔼𝒙 𝑓𝒟 𝒙 − ℎ 𝒙 𝔼𝑦|𝒙 ℎ 𝒙 − 𝑦

ℎ 𝒙 : minimizes the expected loss

𝒙, 𝑦 ~𝑃

Expected loss

14141414

Error decomposition
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𝐸𝑡𝑟𝑢𝑒 𝑓𝒟 𝒙 = 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − 𝑦 2

= 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − ℎ 𝒙 + ℎ 𝒙 − 𝑦 2

= 𝔼𝒙 𝑓𝒟 𝒙 − ℎ 𝒙
2
+ 𝔼𝒙,𝑦 ℎ 𝒙 − 𝒚 2

+2𝔼𝒙,𝑦 𝑓𝒟 𝒙 − ℎ 𝒙 ℎ 𝒙 − 𝑦

ℎ 𝒙 : minimizes the expected loss

𝒙, 𝑦 ~𝑃

𝔼𝒙 𝑓𝒟 𝒙 − ℎ 𝒙 𝔼𝑦|𝒙 ℎ 𝒙 − 𝑦

0

Expected loss

Error decomposition

1515151515
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𝐸𝑡𝑟𝑢𝑒 𝑓𝒟 𝒙 = 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − 𝑦 2

= 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − ℎ 𝒙 + ℎ 𝒙 − 𝑦 2

= 𝔼𝒙 𝑓𝒟 𝒙 − ℎ 𝒙
2
+ 𝔼𝒙,𝑦 ℎ 𝒙 − 𝒚 2

+2𝐸𝒙,𝑦 𝑓 𝒙; ෝ𝒘 − ℎ 𝒙 ℎ 𝒙 − 𝑦

 Noise shows the irreducible minimum value of the loss function

0

ℎ 𝒙 : minimizes the expected loss

𝒙, 𝑦 ~𝑃

noise

16161616

Error decomposition
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𝐸𝑡𝑟𝑢𝑒 𝑓𝒟 𝒙 = 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − 𝑦 2

= 𝔼𝒙 𝑓𝒟 𝒙 − ℎ 𝒙
2
+ 𝑛𝑜𝑖𝑠𝑒

17171717

Expectation of true error
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𝐸𝑡𝑟𝑢𝑒 𝑓𝒟 𝒙 = 𝔼𝒙,𝑦 𝑓𝒟 𝒙 − 𝑦 2

= 𝔼𝒙 𝑓𝒟 𝒙 − ℎ 𝒙
2
+ 𝑛𝑜𝑖𝑠𝑒

𝔼𝒟 𝔼𝒙 𝑓𝒟 𝒙 − ℎ 𝒙
2

= 𝔼𝒙 𝔼𝒟 𝑓𝒟 𝒙 − ℎ 𝒙
2

We now want to focus on 𝔼𝒟 𝑓𝒟 𝒙 − ℎ 𝒙
2

.

18181818

Expectation of true error
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ҧ𝑓 𝒙 ≡ 𝐸𝒟 𝑓𝒟 𝒙

ҧ𝑓 𝒙 ≈
1

𝐾
෍

𝑘=1

𝐾

𝑓𝒟 𝑘 𝒙

𝐾 training sets (of size 𝑁) sampled from 

𝑃(𝒙, 𝑦): 𝒟(1), 𝒟(2), … , 𝒟(𝐾)

19191919

The average hypothesis
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𝔼𝒟 𝑓𝒟 𝒙 − ℎ 𝒙
2

= 𝔼𝒟 𝑓𝒟 𝒙 − ҧ𝑓 𝒙 + ҧ𝑓 𝒙 − ℎ 𝒙
2

20202020

Using the average hypothesis
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𝔼𝒟 𝑓𝒟 𝒙 − ℎ 𝒙
2

= 𝔼𝒟 𝑓𝒟 𝒙 − ҧ𝑓 𝒙 + ҧ𝑓 𝒙 − ℎ 𝒙
2

= 𝔼𝒟 ൤ 𝑓𝒟 𝒙 − ҧ𝑓 𝒙
2
+ ҧ𝑓 𝒙 − ℎ 𝒙

2

21212121

Using the average hypothesis
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𝔼𝒟 𝑓𝒟 𝒙 − ℎ 𝒙
2
= 𝔼𝒟 𝑓𝒟 𝒙 − ҧ𝑓 𝒙 + ҧ𝑓 𝒙 − ℎ 𝒙

2

= 𝔼𝒟 ൤ 𝑓𝒟 𝒙 − ҧ𝑓 𝒙
2
+ ҧ𝑓 𝒙 − ℎ 𝒙

2

22222222

Using the average hypothesis
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𝔼𝒟 𝑓𝒟 𝒙 − ℎ 𝒙
2
= 𝔼𝒟 𝑓𝒟 𝒙 − ҧ𝑓 𝒙

2
+ ҧ𝑓 𝒙 − ℎ 𝒙

2

𝔼𝒙 𝔼𝒟 𝑓𝒟 𝒙 − ℎ 𝒙
2

= 𝔼𝒙 var 𝒙 + bias(𝒙)

= var + bias

var(𝒙) bias(𝒙)

23232323

Bias and variance
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var = 𝔼𝒙 𝔼𝒟 𝑓𝒟 𝒙 − ҧ𝑓 𝒙
2

bias = 𝔼𝒙 ҧ𝑓 𝒙 − ℎ 𝒙

More complex ℋ ⇒ lower bias but higher variance 

ℎ

ℎ

[Y.S. Abou Mostafa, 2012]

24242424

Example: sin target
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 Only two training example 𝑁 = 2

 Two models used for learning:

 ℋ0: 𝑓 𝑥 = 𝑏

 ℋ1: 𝑓 𝑥 = 𝑎𝑥 + 𝑏

 Which is better ℋ0 or ℋ1?

25252525

Example: sin target

Sharif University

of TechnologyBias-Variance Trade-off, Regularization



26

ℋ0 ℋ1

[Y.S. Abou Mostafa, 2012]

26262626

Learning from a training set
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ҧ𝑓(𝑥)

[Y.S. Abou Mostafa, et. al]

27272727

Variance ℋ0
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ҧ𝑓(𝑥)

[Y.S. Abou Mostafa, et. al]

28282828

Variance ℋ1
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ҧ𝑓(𝑥)
ҧ𝑓(𝑥)

[Y.S. Abou Mostafa, 2012]

29292929

Which is better?
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Match the model complexity

to the data sources

not to the complexity of the target function.

30303030

Lesson

Sharif University

of TechnologyBias-Variance Trade-off, Regularization



31

 Errors vary with the number of training samples

𝐸train

𝐸train

𝐸true 𝐸true

expected true error: 𝔼𝒟 𝐸𝑡𝑟𝑢𝑒 𝑓𝒟 𝒙

expected training error: 𝔼𝒟 𝐸𝑡𝑟𝑎𝑖𝑛 𝑓𝒟 𝒙

[Y.S. Abou Mostafa, 2012]

31313131

Expected training and true error 
curves
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[Y.S. Abou Mostafa, 2012]

32323232

Regularization
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ҧ𝑓(𝑥)ҧ𝑓(𝑥)

[Y.S. Abou Mostafa, 2012]

33333333

Regularization: bias and variance 
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[Y.S. Abou Mostafa, 2012]

ҧ𝑓(𝑥)

ҧ𝑓(𝑥)

ℋ1

ҧ𝑓(𝑥)

34343434

ResourcWinner of ℋ0, ℋ1, and ℋ1 with 

regularization es
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𝐿 = 100 data sets

𝑁 = 25
𝑚 = 25

𝜆 is large

𝜆 is 

intermediate

𝜆 is 

sma

ll
[Bishop]

v

v

35353535

Regularization and bias/variance
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[Bishop]

36363636

Learning curves of bias, variance, and noise
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 The noise term is unavoidable.

 The terms we are interested in are bias and

variance.

 The approximation-generalization trade-off is seen in

the bias-variance decomposition.

37373737

Bias-variance decomposition: summary
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 C. Bishop, “Pattern Recognition and Machine Learning”, Chapter 3.2.

 Yaser S. Abu-Mostafa, Malik Maghdon-Ismail, and Hsuan Tien Lin,

“Learning from Data”, Chapter 2.3, 3.2, 3.4.

 Course CE-717, Dr. M.Soleyman
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